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Abstract
In this paper, a randomized algorithm for deciding the irreducibility
of an irreducible polynomial and factoring a reducible polynomial over
the field of rational numbers is presented. The main idea underlying the
algorithm is based on conversion of a given polynomial into a polynomial
with integer coefficients and reduction to mod p , for several large prime
numbers p , without applying a lifting method.
Keywords: Field; Polynomials; Reducibility and irreducibility of poly-
nomials; Polynomial factorization.
1 Introduction
In this paper, a randomized algorithm for deciding the irreducibility of an
irreducible polynomial and factoring a reducible polynomial over the field of
rational numbers is presented. The existing literature is based on lattice reduc-
tion over integers or application of suitable lifting methods, after obtaining the
irreducible factors mod p , for a randomly chosen prime number p . Some of
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the methods discussed in the literature are found in the references section. For
a large prime number p , the probability that an irreducible polynomial over
the field of rational numbers, after its conversion into a polynomial with integer
coefficients, remains irreducible when mod p restriction is applied happens to
be high, under the assumption of uniform probability over all possible monic ir-
reducible polynomials of the degree at most that of the given polynomial. Thus,
appropriate scalar multiples of the monic irreducible polynomials mod p can
be tested for being factors of the given polynomial with rational number coeffi-
cients over the field of rational numbers. The appropriate scalar to be used for
testing the divisibility is the coefficient of the leading degree term of the given
polynomial, after its conversion to polynomial with integer coefficients.
2 The Polynomial Factorization Problem
Let Z be the ring of integers, p be a suitable large prime number, and Z
p
be the finite field of integers mod p . As a special case, monic polynomials with
integer coefficients are discussed, and the modifications required to apply for
polynomials with rational coefficients are described later.
2.1 Monic Polynomials with Integer Coefficients
The following result provides an estimate for the probability that a monic ir-
reducible polynomial with integer coefficients remains irreducible, when mod p
restriction is applied.
Theorem 1 Let g(x) be a nonconstant monic irreducible polynomial of degree
s ≥ 1, with integer coefficients, p be a suitable large prime number, and h(x) =
g(x) mod p . If gcd
(
h(x), x
)
= 1, deg
(
h(x)
)
= s and every monic irreducible
polynomial of degree at most s, other than a scalar multiple of x, is equally
likely to be a factor of h(x) over Z
p
, then the probability that h(x) remains an
irreducible polynomial over Z
p
is at least
(
1− s+1
p−1 +O
(
s2
( p−1)2
))
.
Proof. If s = 1, then there is nothing to prove. Let s ≥ 2 and gcd
(
h(x), x
)
=
1. The irreducible factors of h(x) over Z
p
are those that are factors of the
polynomials (x p
i
−1 − 1), for 1 ≤ i ≤ s. Now, h(x) is irreducible if and only if
gcd
(
h(x), (x p
i
−1−1)
)
= 1, for 1 ≤ i ≤ s−1, and h(x) | (x p
s
−1−1). The poly-
nomial L(x) =
∏s−1
i=1 (x
p
i
−1 − 1) is of degree
∑s−1
i=1 ( p
i − 1) =
∑s−1
i=0 p
i − s =
p
s
−1
p−1 − s. The number of monic irreducible polynomials of degree at most
s − 1, other than scalar multiples of x, is at most p
s
−1
p−1 − s, since every such
irreducible factor is a divisor of L(x). Let R(x) = gcd
(
L(x), x p
s
−1 − 1
)
and
P (x) = x
p
s
−1
−1
R(x) . Then, the degree of P (x) is at least p
s−1−
(
p
s
−1
p−1 −s
)
, and the
number of monic irreducible polynomials of degree s is at least
p
s
−1−
(
p
s
−1
p−1 −s
)
s
.
Now, the total number of monic irreducible polynomials, other than scalar
multiples of x, is at most
∑s
i=1
1
i
× ( p i − 1) ≤ ( p
s
−1)
s
+
∑s−1
i=1 ( p
i − 1) =
2
( p s−1)
s
+ p
s
−1
p−1 − s. Thus, the probability that h(x) is irreducible over Z p is
at least
p
s
−1−
(
p
s
−1
p−1 −s
)
s·
(
( p s−1)
s
+ p
s
−1
p−1 −s
) =
1−
(
1
p−1−
s
p s−1
)
1+s·
(
1
p−1−
s
p s−1
) , which can be expanded into
(
1 −
(
1
p−1 −
s
p s−1
))
×
(
1 − s ·
(
1
p−1 −
s
p s−1
)
+ O
(
s2
( p−1)2
))
, whereupon the
conclusion follows. 
A more realistic estimate of the probability in the statement of the previous
theorem is
( p s−1−
(
p
s
−1
p−1 −s
)
s p s
)
= 1
s
×
(
1− 1
p−1 +O
(
1
( p−1)2
))
, an estimate based
on the assumption of uniform likelihood of occurrence of h(x) as anyone of all
possible monic polynomials of degree s. The converse of Theorem 1 also holds
true: if h(x) is an irreducible polynomial over Z
p
of degree s, then so is also g(x).
The converse is useful for inferring the irreducibility of a given monic polynomial
with integer coefficients, as will be discussed in next subsection. Let f(x) be
a nonconstant monic polynomial with integer coefficients of degree d > 1, with
coefficient of the leading degree term equal to 1. Let f(x) =
∏r
i=1 fi(x), where
f
i
(x) are monic irreducible factor polynomials with integer coefficients of degree
d
i
≥ 1, for 1 ≤ i ≤ r, for some positive integer r. The factoring algorithm tests
for irreducible factors mod p , for several large prime integers p , being factors
of the given polynomial f(x). By the previous theorem, the restrictions of the
factor polynomials f
i
(x) to mod p , 1 ≤ i ≤ r, remain irreducible over Z
p
, for
suitably large prime numbers p , with reasonably high probability.
2.2 Monic Polynomials with Rational Number Coefficients
Let f(x) be a nonconstant monic polynomial with rational coefficients of
degree d > 1, with coefficient of the leading degree term equal to 1. Let
f(x) =
∏r
i=1 f
ν
i
i (x), where fi(x) are distinct monic irreducible factor poly-
nomials with rational number coefficients of degree d
i
≥ 1, and ν
i
≥ 1 are the
multiplicities, for 1 ≤ i ≤ r, for some positive integer r. For some index i, where
1 ≤ i ≤ r, if ν
i
> 1, then f
ν
i
−1
i (x) is a factor of gcd
(
f(x), f ′(x)
)
, where f ′(x)
is the formal derivative of f(x), and so f(x)
gcd
(
f(x),f ′(x)
) =
∏r
i=1 fi(x). The com-
putation of gcd with the corresponding formal derivative can be repeated with
gcd
(
f(x), f ′(x)
)
in place of f(x), hopefully recovering some of the irreducible
factors f
i
(x), for 1 ≤ i ≤ r.
Let now f(x) =
∏r
i=1 fi(x), where fi(x) are distinct monic irreducible factor
polynomials with rational number coefficients of degree d
i
≥ 1, for 1 ≤ i ≤ r,
for some positive integer r. The rational number coefficients are assumed to
be in the minimal representation of numerators and denominators, with no
nontrivial integer factors between each pair. Then the lcm of denominators of
the coefficients of f
i
(x) is also the coefficient of the leading degree term of f
i
(x),
after its conversion into a polynomial with integer coefficients with content 1.
Let c be the lcm of the denominators of f(x). The content being multiplicative,
cf
i
(x) is an irreducible polynomial of integer coefficients of degree d
i
, 1 ≤ i ≤ r.
3
Then the factoring algorithm tests for the divisibility of f(x) over the rational
numbers, by the polynomial h(x) =
(
(c ∗ g(x)) mod p
)
, treating h(x) as a
polynomial with integer coefficients, for every monic irreducible factor g(x) of(
(c ∗ f(x)) mod p
)
over Z
p
.
3 Factorization over Algebraic Extensions of Ra-
tional Numbers
Let Q be the field of rational numbers, Q[x] be the polynomial ring in the
indeterminate x with rational number coefficients, φ(x) ∈ Q[x] be a monic ir-
reducible polynomial of degree k ≥ 2, and F = Q[α]/φ(α) be the extension
field of dimension k over Q with arithmetic operations mod φ(α). The nonzero
elements in F are assumed to be represented in the simplest form of their rep-
resentation, as polynomials in α of degree at most k − 1 with rational number
coefficients. The following algorithm can be used for testing the irreducibility
and / or factorization, whichever is the case, of the polynomial f(x) over F:
1. Let ψ(x) be a polynomial with integer coefficients obtained by multiplying
φ(x) with an appropriate integer. For several large prime numbers p , such
that ψ(x) is irreducible over Z
p
, irreducibility of f(x) over Z
p
[γ]/ψ(γ)
is tested, and if f(x) is found to be irreducible for any single large prime
number p in this step, the procedure is terminated.
2. If f(x) is a polynomial with coefficients in Q, let F (x) = f(x), and the
procedure moves to the next step, skipping the remaining part in this step.
Now the symmetric product F (x) =
∏k−1
i=0 θif(x) is computed, where θi ,
0 ≤ i ≤ k − 1, are the distinct embeddings of F in the algebraic closure
of Q. For elements in F, the symmetric product as just discussed is the
norm of an element, as found in field theory. The norm of an element
in F is the determinant of the matrix corresponding to multiplication by
the given element, with respect to any particular basis for F over Q. For
extending the norm to polynomials over F, a specific scheme is considered.
Let K be the field of rational functions over Q, as formal expressions in a
single indeterminate x, with Q embedded in K by the identity morphism,
and L = K[α]/φ(α), assuming that φ(y) remains irreducible in K[y]. Then
the simple extension F over Q naturally extends to L over K. The given
polynomial f(x) is suitably represented as an element in L. Then the
norm of f(x) is computed for the extension L over K. This method is
very efficient, for computing the symmetric product.
3. The polynomial F (x) is a polynomial with rational number coefficients,
and hence, can be factorized over Q using the methods of the previous
section. Let F (x) =
∏r
i=1G
ν
i
i (x), where Gi(x) are distinct irreducible
factors of multiplicity ν
i
≥ 1, be the factorization of F (x) into irreducible
polynomials over Q. Now, let f
i
(x) = gcd
(
f(x), G
i
(x)
)
, so that f
i
(x)
4
is the product of ν
i
many irreducible factors that are related by the con-
jugacy of F over Q, 1 ≤ i ≤ r. For finding factors of multiplicity greater
than 1, the gcd of the given polynomial with its derivative is tested.
For factoring a product f
i
(x) of ν
i
many irreducible polynomials, where
ν
i
> 1, each of multiplicity 1, but related among themselves by the con-
jugacy, the polynomial f
i
(x − λα) is tested for reducibility, for various
values of λ ∈ Q, where α is a fictitious root of φ. Some of the irreducible
factors of f
i
(x − λα) may not be related to other irreducible factors by
the conjugacy, and hence, can be factored by repeating the previous and
current steps, for some particular λ ∈ Q. If g(x) is a factor of f
i
(x− λα),
then g(x+ λα) is a factor of f
i
(x), for 1 ≤ i ≤ r.
The algorithm can be used for finding the automorphisms by taking the
symmetric product of f(x), for various polynomials f(x) with coefficients in F,
and factoring it over F. This approach allows the solver to observe how the
roots are related, allowing the automorphism group of F over Q to be efficiently
computed. It is also preferable to factorize φ(x) with respect to a fixed basis,
such as {αi : 0 ≤ i ≤ k−1}, for finding the roots themselves in terms of any one
fixed fictitious root α of φ(x). Factorization over multiple algebraic extensions
is recursively performed.
4 Conclusions
The aim of the paper is to provide a justification for a randomized poly-
nomial factoring algorithm by considering restriction to mod p , for several
suitably large prime numbers p . A realistic estimate for the probability that
an irreducible factor over integers of degree s remains irreducible with mod p
is close to 1
s
, which is reasonably encouraging, for achieving success by repeated
trials. Extension of the proposed method to factorization over algebraic exten-
sions of the field of rational numbers is also possible.
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